ABSTRACT. In this note, we give examples of formal power series satisfying certain conditions that cannot be realized as Hilbert series of finitely generated modules. This answers to the negative a question raised in a recent article by the second and the third author. On the other hand, we show that the answer is positive after multiplication with a scalar.
In the non-standard graded case, the situation is more involved. A characterization of Hilbert series was obtained by the second and third author in [2] : We will also provide an example that the conclusion does not hold without the assumption on the degrees being pairwise coprime.
Theorem 1.1 (Moyano-Uliczka). Let P(t) ∈ Z[[t]][t −1 ] be a formal Laurent series which is rational with denominator (1 − t d 1 ) · · · (1 − t d n ). Then P can be realized as Hilbert series of some finitely generated R-Module if and only if it can be written in the form
P(t) = ∑ I⊆{1,...,n} Q I (t) ∏ i∈I 1 − t d i (1.1)
PROOFS OF THE MAIN RESULTS
As general references for further details about Hilbert series the reader is referred to [1] . Furthermore, we are going to use some well-known facts about quasipolynomials power and series expansions of rational functions. For details about these topics, we refer the reader to Chapter 4 of [3] .
The following notation will be useful. For δ ∈ N and 0 ≤ j ≤ δ − 1 set
Obviously, the functions e δ ,0 , . . . , e δ ,δ −1 form a basis of the space of δ -periodic functions N → Q. We prepare three lemmata before we present the proofs of our main results. Proof. Let us define the coefficients µ(i, j) by requiring
For each i > 1, let m i be the minimum of the µ(i, 1), . . ., µ(i, δ i ) and choose a k i such that
By construction, it holds thatμ(i, j) ≥ 0 for i > 1 and all j. We claim that alsoμ(1, j) ≥ 0 for all j. To prove this, assume for contrary that there exists an index j 0 such that µ(1, j 0 ) < 0. Note that by constructionμ(i, k i ) = 0 for 1 < i ≤ r. By the Chinese remainder theorem, there exist an 0
contradicting the assumption. Now we turn to the case that
By the same argument as above, for 1 
is a quasipolynomial of degree β − 1 with leading coefficient function 
Proof. Let δ ∈ N be the common period of p 1 and p 2 . We only consider values of k that are multiples of δ , so we set k =kδ . Let
Leth := h −kδ . We compute
Further, we see that all other coefficient functions of p 1 (h+kδ )− p 2 (h) are non-constant polynomials ink with leading coefficient 
Then it can be written in the form
with nonnegative Q I ∈ Q[t,t −1 ].
Let us introduce some more notation to simplify the presentation of the proof. Let δ 1 , . . ., δ r ∈ N denote the different values of the d i , and let α i := | j d j = δ i | be the multiplicity of δ i . Then P(t) is a rational function with denominator ∏ i (1 − t δ i ) α i . It is known that the coefficients of P(t) are given by a quasipolynomial which we denote by Q(P) (cf. [3, Prop. 4.4.1]). We write c i (P) for the i-th coefficient of Q(P), which is a periodic function.
Proof. Let q := Q(P).
We do induction on β := deg q + 1. If β = 0, i.e. q = 0, then P(t) is a polynomial with nonnegative coefficients. In the sequel, we assume that q(h) = 0. Because q(h) is nonnegative for all h ≫ 0, its leading coefficient c(h) is a nonnegative periodic function. We are going to show that there exists a rational function g(t) ∈ Q(t) with the same denominator as P(t), such that deg Q(g) = deg q and both quasipolynomials have the same leading coefficient.
For this we decompose P(t) into partial fractions and write it as follows:
where p 0 , p i ∈ Q[t,t −1 ] are Laurent polynomials. There are two cases to distinguish:
then c(h) is determined by the first summand in (2.3).
In particular, c(h) is a constant function. In this case, choose numbers 0 ≤ β i ≤ α i for 1 ≤ i ≤ r such that β = β 1 +· · · +β r . Then the coefficient function of the series expansion of 1/ ∏ i (1 −t δ i ) β i is a quasipolynomial of degree β − 1, and its leading coefficient function is constant. Thus there exists a nonnegative λ ∈ Q such that the leading coefficient of Q(g) for 
By Lemma 2.3, there exists a k ∈ N, such that the series expansion of P(t) − t k g(t) has nonnegative coefficients. But the coefficient function of P(t)−t k g(t) is a quasipolynomial of degree ≤ β − 2, so the claim follows by induction. 
Then there exist a λ ∈ N and a finitely generated R-module, such that λ P is the Hilbert series of M.
Proof. This follows from Theorem 2.4 and Theorem 1.1.
Theorem 2.6. Assume that in the situation of Theorem 2.4 we have n = 2. Then the numerator polynomials q(t) can be chosen to have nonnegative integral coefficients. In particular, P(t) can be realized as a Hilbert series of a finitely generated graded R-module.
Proof. Without loss of generality, we may assume that d 1 = d 2 . Otherwise the claim reduced to the standard graded case which is known [4, Thm 2.1]. By our premise, P is either a polynomial, or Q(P) has degree at most 1. If P is a polynomial, so nothing is to be proven. So consider the case that deg Q(P) = 0. By a partial fraction decomposition of P we see that it can be written in the form
From this we read off that c 0 (P) is the sum of two periodic functions of period d 1 resp. d 2 . By Lemma 2.1, we can choose this functions nonnegative and integer valued. In other words, there exist two polynomialsp 1 ,p 2 ∈ Z[t] with nonnegative coefficients such that
so by subtracting (a suitable shift of) this rational function from P(t) we reduce to the case of a polynomial. Next, assume that deg Q(P) = 1. Let us write 
It is not difficult to see that
for all i, and in particular this coefficient function is constant. As the coefficients of p(t) are integers, it follows that c 1 (P) is an integral multiple of 1/d 1 d 2 . Hence there exist λ ∈ N such that
satisfies deg Q(P ′ ) = 1. Moreover, it holds by Lemma 2.3 that the coefficients of the series expansion of P ′ are nonnegative for k ≫ 0. Thus we have reduced the claim to the previous case.
COUNTEREXAMPLES
The decomposition is not always possible with integral coefficients. We describe a general construction of counterexamples. For this we consider pairwise coprime numbers δ 1 , . . ., δ r ∈ N and exponents α 1 , . . . , α r ∈ N. Consider two rational functions P 1 , P 2 of the form 1
with 0 ≤ β i ≤ α i . Assume P 1 and P 2 have the following properties:
. ., α r }. This ensures that the leading coefficients c d (P 1 ) and
, and the former should not be a multiple of the latter. Under these assumptions, it is easy to see that there exists a λ ∈ N, such thatP := P 1 − λ P 2 is a series, such that c d (P) is smaller than c d (P 2 ). This series may have negative coefficients. But by Lemma 2.3 we may instead consider P := P 1 −λ t k P 2 for a sufficiently large k ∈ N, and this series has nonnegative coefficients. Now assume additionally that c d (P 2 ) is the minimal leading coefficient of all series of the given type and dimension. Then it is immediate that P cannot be written as a nonnegative integral linear combination of such series. We give two explicit examples of this behaviour.
3.1. Example 1. Consider the rational function
One can read off the first line that the leading coefficient of Q(P) is 1/10 − 1/15 = 1/30, and thus smaller than 1/15. So by the argument given above, P(t) cannot be written as a nonnegative integral linear combination. On the other hand, the second line gives a rational decomposition. This shows in particular that the coefficients of the series of P are nonnegative.
Example 2.
The same phenomenon occurs in the case that there are only two different degrees, say 2 and 3, but α 1 , α 2 > 1. As an explicit example consider the following rational function:
(1 − t 2 )(1 − t 3 ) 2 3.3. Example 3. The condition that the degrees δ 1 , . . ., δ r are pairwise coprime is essential, as the following example shows. Consider the rational function P(t) := 1 + t − t 6 − t 10 − t 11 − t 15 + t 20 + t 21 (1 − t 6 )(1 − t 10 )(1 − t 15 ) = 1 + t + t 7 + t 13 + t 19 + t 20 1 − t 30 One can read off the second line that P(t) cannot be written as a sum with positive coefficients and the required denominator: The coefficient of t 0 is 1, but the terms t 6 ,t 10 and t 15 all have coefficient zero.
